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Abstract: Particle breakage in soils is a well-recognised behaviour. Conventional methods for
quantifying the breakage process rely on calculating the area between the particle size distribution
(PSD) curves produced before and after crushing. A key aspect of breakage is understanding
the process across the different size/sieve fractions. Grading entropy coordinates allow for the
representation of any PSD to be shown as a single point on a Cartesian plane and are able to track
grading evolution with relative ease. In this study, grading entropy coordinates are compared to
three commonly used breakage indices (B, B/* and I;). It is shown that grading entropy coordinates
are advantageous over the traditional indices in quantifying subtle changes in the PSD evolution and
directly provide further insight with regards to the individual fraction sizes. It is also discussed that
conventional breakage indices rely on relative measures and are dependent on assumptions of an
initial and/or final PSD. In contrast, grading entropy coordinates depend only on the characteristics
of the (current) PSD curve. It was also observed that the breakage evolution captured by the entropy
coordinates is able to determine the rate at which differently sized particles break as differently sized
particles take on stress. Moreover, it is suggested that entropy coordinates may also stress path
dependency, a feature not present in conventional indices.
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1. Introduction

Particle breakage in soils is a well-recognised behaviour and has been widely investi-
gated. It is influenced by both chemical composition and mechanical processes [1-5]. Many
have proposed methods for quantifying the breakage process and several of these methods
rely on quantifying the area between the particle size distribution (PSD) curves produced
before and after crushing, e.g., [6-8].

Geomechanical research has provided significant insight into particle breakage be-
haviour. Various studies have proposed physically-based particle breakage criteria for
DEM simulations of single particle crushing, e.g., [9]. The evolution of particle contacts
during shear whilst accounting for particle breakage has been extensively studied [10-12].
Experimentally, X-ray tomography in conjunction with image analysis has been used to
further understand microstructural processes during particle breakage and emphasised
the effects of particle morphology on particle breakage mechanisms [3]. Experimental
and numerical data has also suggested that large particles break first, followed by smaller
particles as stresses are redistributed via changes in the force chains structure e.g., [6,13-17].
The grading state index Ig, from [17], has been used in DEM simulations to produce a
relationship between breakage evolution and the shifting of the critical state line (CSL),
concluding that breakage evolution is important in the description of the critical state of
soils [11].
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As evidenced by the previous studies, the quantification of particle breakage is nec-
essary. It has been observed that it affects soil stiffness, volumetric response, and it may
alter the inclination and position of the critical state line, e.g., [17,18]. As a result, different
grading indices have been proposed, and with relative success, that may be included
in some constitutive models [19-25]. With regards to breakage indices, early work has
explicitly stated that:

“The problem is to choose a measure that adequately integrates the breakage occurring in
the various size fractions of the material” [6]

Whilst evaluating changes in the fraction sizes on the basis of commonly used grading
indices is possible, it is not explicit. In this study, grading entropy coordinates are used as
a means to quantify particle breakage to explicitly analyse changes in PSD as a result of
particle breakage. Data from three different experimental data sets on different granular
materials are studied here in detail. Three breakage indices developed by [6,13,17] are com-
pared against grading entropy coordinates. It is argued that grading entropy coordinates
provide an explicit evaluation of changes regarding individual size fractions and provide
further insight into the evolution of particle breakage. A discussion of assumptions used in
these breakage indices is also used to highlight the relativistic nature of these methods, as
opposed to the entropy coordinates which are absolute.

Whilst the use of grading entropy coordinates to assess particle breakage is not new
e.g., [26,27], the novelty of this work includes: (i) the comparison of the entropy coordinates
to three well known breakage indices; (ii) demonstrating that grading entropy coordinates
provide explicit information related to the changes in individual size fractions resulting
from particle breakage, and (iii) exploring, for the first time, that grading entropy coor-
dinates are able to capture particle breakages dependence on stress level and stress path.
These three innovations imply that grading entropy can be used as a more effective means
of quantifying particle breakage in granular materials than currently used methods. Using
a grading entropy coordinate reduces the number of assumptions in constitutive modelling
applications where breakage has to be considered. Furthermore, the use of grading entropy
coordinates also enables direct and simple integration of the breakage occurring in all the
various size fractions.

2. Breakage Indices

Breakage is typically characterised using various breakage indices e.g., [4,7,8,16]. A
detailed overview of the many different breakage indices is presented by [28] breakage (B;)
and the breakage potential (B)), as seen in Equation (1). The breakage potential is equal
to the area between the line defining the upper limit of the silt size (d = 0.074 mm), and
the part of the PSD for which d > 0.074 mm. Its value is quantified by obtaining the area
between the upper and lower limits of the initial grading curve (Figure 1a). If the soil in
Figure 1a is subject to crushing, the position and shape of the PSD will change. Hence,
the total breakage is obtained by calculating the area between the initial and final grading
curves, as seen in Figure 1b.

B, — L
r Bp

@

The definition of B; requires two references state: the initial PSD and a limiting PSD
(assuming that the soil will crush until all particles have a size d = 0.074 mm). Note that
B; = 0 indicates that no breakage has taken place, and B, = 1 means a uniform PSD with
d = 0.074 mm after breakage.
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Figure 1. (a) Breakage potential (B)), (b) Total breakage (B;) modified after [6].

The concept of a limiting PSD has been expanded upon to incorporate fractal the-
ory [29]. The inclusion of fractal theory means that, under loading and as a result of particle
breakage, a PSD will tend towards an ultimate state with a better particle-packing efficiency.
This suggests that breakage will cease to occur as the voids become increasingly filled with
smaller particles [16]. A modified version of Hardin’s breakage parameter (B,) incorporates
this theory, e.g., [13,14]. Here, the breakage potential (By) is adjusted so the final PSD is a
fractal distribution, as illustrated in Figure 2. The modified relative breakage parameter
(B/*) is given by:

B;
By = Bi;; )

where B, is the breakage potential (similar to Hardin’s B,) but using an assumed final frac-
tal distribution instead of the straight line defined by Hardin’s limiting size (i.e., 0.074 mm).
The modified B,* parameter is convenient, as it infers a definable limit state for the ultimate
PSD within the range of 0 to 1; B,* = 0 implies that no breakage occurs, and B,* = 1 indicates
the total breakage has produced a fractal distribution.
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Figure 2. Modified relative breakage parameter Br* modified after [13].
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The grading state index (Ig), from [17], also modifies the relative breakage parameter
(B/). The grading index also accounts for an ultimate fractal distribution (see Figure 3).
However, I; seems to assume that any (initial/current) PSD is the result of previous
breakage processes acting on a monodispersed PSD with d = dy;x. As in the case of Br*,
I¢ = 0 assumes no breakage and I = 1 indicates a fractal distribution being created.
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Figure 3. Determination of grading index (Ig) modified after [10].

These three breakage indices differ as a result of their assumptions on the initial
and/or final distributions. In order to evaluate the differences caused by these assumptions,
experimental data from [30] comprised of ring shear tests on Dog’s Bay sand is used.
Figure 4 shows the calculated data according to the three approaches and includes, for
comparison purposes, an alternative definition that considers the breakage index to be
calculated on the basis of two uniform PSDs (i.e., initial and final uniform PSDs).
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Figure 4. Breakage indices using different initial and final PSD assumptions.
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In Figure 4, Hardin’s B, provides the lowest estimates, together with the alternative
definition. This results from the assumption of a uniform final grading with d = 0.074 mm,
which is difficult to achieve. The indices by [13,17] produce similar final results due to
their common assumption of an ultimate fractal grading. However, the insert in the figure
also shows that the initial points are also affected by the PSD assumptions. The B, and B,*
indices share the same starting point, as they both assume the current grading to be the
initial PSD. As can be observed for I, the alternative breakage index starts well above due
to the initial PSD assumption. All grading indices show a rapid increase in breakage up to
about 30% shear strain and only slight increases thereafter. Whilst it is now accepted that
breakage progresses towards a fractal grading, a fractal grading is defined by requiring the
assumption/measurement of the fractal dimension D and the maximum particle sizes, dyay:

d; >(3D)

dmux

M5 < d;) /My = ( )
where M(J < d;)/Mr is the percentage finer than the particle diameter d;. Independently of
the assumptions, however, all the breakage indices are relative. This is a significant aspect,
particularly if such indices are used as part of constitutive models and/or for the prediction
of breakage quantities. In this study, the concept of grading entropy coordinates is re-
visited. These coordinates do not require assumptions about the initial /final grading (i.e.,
they are absolute, not relative) and may provide further information about the evolution of
particle breakage in granular materials.

3. Grading Entropy

Proposed by [31], grading entropy draws from the definition of statistical entropy
e.g., [32-34]. It allows for any PSD to be represented by a single point on a Cartesian
plane. Furthermore, in contrast to other conventional approaches, it considers information
pertaining to the entire PSD, rather than individual characteristic descriptors (i.e., d1¢, d5,
Cu, ¢, etc.). Grading entropy coordinates have been also used to quantify other soil phe-
nomena in addition to particle breakage [19,27], including liquefaction susceptibility [35],
soil permeability [36,37], rock classification [38], and mineral dissolution effects [39,40],
amongst others.

Previous work using grading entropy coordinates to analyse particle breakage in soils
has focussed primarily on determining which of the entropy coordinates plays the role
of the ‘true’ entropy, e.g., [19], observing that the entropy increment (AS) increases with
breakage. The grading entropy approach, however, has only been compared against a
limited number of existing breakage criteria, e.g., [27]. It is hoped that by doing so, it will
be demonstrated that such an approach has clear advantages over traditional indices and
may provide further understanding of the breakage evolution relative to the PSD fractions.

Statistical entropy (S;s) allows for the determination of the probable number of element
states in a system. The concept has been applied to both the entropy of thermodynamics
(Sp) and the entropy of information theory (S;), and is given by:

Ss = M; (4)

where ‘M’ is the number of elements in a system, and ‘s’ is the specific entropy given by:
m
s=—) wlogya; ®)

i=1

where b is the base of the logarithm and «; is the frequency in the i-th cell:

M.
= MI (6)
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The base logarithm (b) has been chosen so that it adheres to the simplest case of two
cells [31], ensuring that the maximum entropy is equal to 1. Therefore, when b = 2, the
specific entropy can be defined by:

1 m
s = —mi;ailn o; 7)

For the calculation of the grading entropy coordinates, the sieve mesh diameters
increase by a magnitude of 2 (e.g., 0.25, 0.5, 1, 2, 4, 8 mm, see Table 1). Note however that
this does not preclude the use of modern methods to quantify particle size (e.g., X-ray
diffraction). The fractions are numbered by increasing integers, as seen in Table 1, where ‘d’
is the mesh diameter and Sy is the Eigen-entropy of the i-th fraction (i.e., the eigen-entropies
can be considered as simple integer sieve identifiers).

Table 1. Size fractions, diameter ranges and eigen-entropies.

Fraction (i) 0 ... 22 23 24
d (mm) 2722 p-21 .. 1-2 2-4 4-8
Soi 0 ... 22 23 24

For the purpose of grading entropy, the minimum grain diameter (d,,;,,) has been se-
lected as the theoretical minimum grain size: the height of the SiOy4 tetrahedron, i.e.,
272 mm [41]. A benchmarking exercise was performed by [42] to demonstrate the
method’s reliability.

Through inserting the relative frequencies (x;) into Equation (7), the specific entropy is
used to determine the grading entropy and can be split into two components:

S=AS+ S, (8)

where S is the grading entropy, AS is the entropy increment, and Sy is the base entropy. The
entropy increment AS is defined as:

1 n
AS — —mlgl xili’l xl' (9)
where x; is the relative frequency of the i-th fraction:

iN
Y oxi=1, x>0 (10

i=i;

N is the number of the fractions between the finest and coarsest particles. The base
entropy Sy is given by Equation:

n
S() = Z x,-SOi (11)
i=1

These coordinates have simple physical meanings. The base entropy (Sp) is a loga-
rithmic mean of the grain diameter which relates to the skewness of the PSD. The entropy
increment (AS) is a measure of how much a soil is influenced by all of its fractions and
relates to the kurtosis of the PSD.

Figure 5a illustrates some PSD locations in the non-normalised entropy diagram (Sy,
AS) as relative frequency diagrams, whilst Figure 5b illustrates these with standard PSD
plots. Note that on the x-axis, the base entropy directly relates to particle size (ranges as
detailed in Table 1). Point A at the origin represents a uniform PSD with material retained
only in the smallest sieve, whilst Point C is a uniform PSD with material retained only in
the largest sieve. Points A, B, and C show that PSDs with material retained in only one sieve
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have AS = 0. Points E and F demonstrate that as material is retained in more sieves, the
value of AS increases. Points G and H represent fractal distributions with d,;5x = 4 mm and
D =2.6 and 2.4, respectively. Figure 5c illustrates the relationship between non-normalised
entropy coordinates (Sp, AS) and common PSD descriptors. The insert at the top of the
entropy diagram shows several gradings with an equal value of dsy and different c, values.
Since the mean particle size (ds) is the same for all of these gradings, they plot as points
in a vertical line with Sy = 12. As the range of sizes increases (and hence ¢, increases), the
value of AS also increases. Similarly, the insert to the right of Figure 5¢ represents PSD with
equal ¢, and increasing ds). These gradings plot on a horizontal line of constant AS, and
the value of Sy increases as ds increases.
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Figure 5. Non-normalised entropy diagram illustrating (a) relative frequency diagrams for typical
PSDs, (b) standard grading graphs for typical PSDs, and (c) changes in common PSD descriptors.

Whilst grading entropy coordinates may be related to commonly used descriptors, it
may be noted that in contrast to these, AS and Sy involve information about the entire PSD,
not just specific particle diameters (e.g., d1g, d30, dep) and enable the direct consideration of
both fines and gravel content with no need for additional descriptors. Note that AS and Sy
may be normalised such that 0 < A <1 and 0 < B < By = 1.41, see [19], and hence could
provide means of breakage quantification between 0 and 1 as existing breakage indices. AS
and Sy are however absolute (not relative) and do not depend on any initial and/or final
grading. Therefore, the authors restrict this paper to the use of non-normalised entropy
coordinates (Sy, AS).

4. Evolution of Grading Indices and Grading Entropy Coordinates on the Basis of
Various Experiments

Figure 6a—c show experimental crushing data from tests on granitic gravel [7]. This
data was also used by [6] to illustrate the benefits of the relative breakage index (B,) on
interpreting the PSD evolution during particle breakage. For these tests, samples were
subject to constant R = 0”1 /0”3 stress paths. It can be seen that, as expected, for each case the
amount of breakage increases as the value of 0’3 increases. Breakage is stress-dependent.
Figure 7a—c show the evolution of B,, B,* and I; for the same data sets.
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The initial/final points of the curves in Figure 7 follow the same patterns discussed
with reference to Figure 4. As expected, the value of all breakage indices increases as the
stress level increases. In fact, there seems to be a linear increase up to 40 kg/cm?, followed
by a smaller increase thereafter. It is, however, difficult to ascertain why these changes in
breakage evolution occur.

Figure 8 shows the same data set by [7], but now the PSD evolution is quantified using
grading entropy coordinates. Figure 8a demonstrates that the base entropy (Sp) reduces for
all R values. This is expected because the particles become smaller as crushing progresses,
hence the logarithmic mean of the particle diameter has to reduce. Similarly, Figure 8b
shows that for all R values, AS always increases. This indicates that the number of PSD
fractions (i.e., number of sieves where some material is retained) is increasing as crushing
progresses. The linear parts up to 40 kg/cm? are also detected by the entropy coordinates.
Figure 8c collects data from Figure 7a—c for comparison purposes. Note that I, B, and
B/* do not show a significant difference with regards to changes in R (i.e., influence of
the stress path). In other words, grading entropy coordinates may be able to capture the
dependence of breakage on stress level (and stress path) more clearly than other commonly
used breakage indices.
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It is also now easier to interpret that the changes in gradient are the result of large
particles breaking first and having a larger influence over the relative frequencies of the
fractions. This aspect is discussed later in greater detail.

A series of ring shear tests on carbonate sand, from [30], have been used to measure
breakage, as discussed earlier with reference to Figure 4. The PSD curves at different strain
levels for these tests are shown in Figure 9. As before, the evolutions of breakage indices B,
B;* and I, and the grading entropy coordinates have been obtained for each PSD and are
illustrated in Figure 10.
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Figure 9. Evolution of PSD during ring shear tests for Dog’s Bay sand. Modified after [30].
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Referring to Figure 10a, it is clear that both B, * and I approach the value of 1.0 because
the final gradings are very close to a fractal distribution. The evolution of all indices is
however very similar, once again with the largest changes occurring at the initial stage (i.e.,
€a <30%) of the tests. Figure 10b,c also show similar trends, as discussed before. Notably, in
Figure 10b, between strains 2.51% and 7.3%, there is little change in the entropy increment.
Here, the curves produced by these strain increments consist of a roughly similar number
of fractions. However, observing the base entropy in Figure 10c there is a clear reduction in
the mean grain diameter (because a decrease in Sy indicates a decrease in logarithmic mean
particle size). This observation is useful, as it highlights the complementary nature of the
entropy coordinates. Moreover, it is important to note that whilst the breakage indices in
Figure 10a are unable to produce a significant difference in value between shear strains, at
2.51% and 7.3%, the grading entropy coordinates are much more sensitive and can clearly
discern between these similar, yet different, PSDs.

Using grading entropy coordinates to analyse experimental data from other researchers
e.g., ref. [30], has suggested that they are able to account for stress level and stress path
dependency. They have also been shown to be more sensitive than the three compared
breakage indices and are able to capture slight changes in the PSD as crushing progresses.
It is also argued that the physical interpretation of changes in the gradient in the curves pro-
duced by the breakage indices (and grading entropy coordinates) can be readily explained
with the entropy approach. With this purpose in mind, we re-examine data for crushing
tests on Fountainebleu sand, from [43].

The changes in PSD during crushing up to 100 MPa are illustrated in Figure 11a. Of
particular interest in this data is the rapid change in large particle sizes after crushing at
25 MPa, as observed at the top right of Figure 11a. Figure 11b shows the non-normalised
entropy diagram of the same data illustrated in Figure 11a. As crushing occurs, some
particles become smaller, decreasing the mean particle size of the PSD (i.e., reducing ds
and Sp). As expected, the base entropy (related to mean particle size) reduces as crushing
progresses. Crushing evolves from right to left in the entropy diagram as indicated. Note
that the entropy increment generally increases, as seen in other data, but temporarily
decreases for crushing at 25 MPa. The physical meaning of this is that the largest particles
have seemingly crushed first and have a larger influence over the PSD changes for this
particular grading. Crushing has temporarily reduced the number of sieves that the PSD
consists of during this stress increment. However, as crushing evolves and more of the
smallest particles are broken, the entropy increment continues to increase. This evolution is
also explained with reference to Figure 11c. In this figure each band represents the relative
frequency of a size (sieve) range. The sum of all relative frequencies at any stress level
are equal to 1. The original PSD (at 0 MPa) is dominated by particles between 0.0063
and 0.5 mm that have the largest thicknesses (relative frequencies, x;) at that point. Note
that at 0 MPa there is a significant proportion of larger particles between 1 and 8 mm.
However, after crushing at 25 MPa, nearly all the larger particles (>1 mm) have been
broken, while the quantity of other particle sizes have slightly increased. Also note how
the proportion of particles between 27> and 0.125 remains relatively constant. In other
words, not all particle sizes break in the same amount, nor at the same moment. This has
also been observed in DEM simulations by [17]; however, it is directly quantified here (on
the basis of experimental data) for the first time. These changes may be also affected by
particle shape, mineralogy, initial density, and further study on these aspects are warranted.
However, most importantly, these changes may be explicitly explained by using grading
entropy coordinates.
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With reference to the entropy diagram in Figure 11b, it is interesting to compare differ-
ent experimental data sets within a unified context. Figure 12 shows the non-normalised
entropy diagram for the three data sets discussed in this study. As expected, for all data sets,
there is a reduction in base entropy (Sp) and a trend of increasing entropy increment (AS).
Convergence of the quartz and carbonate sands towards a fractal distribution is also clear.
There is also an evident difference between these sands and the gravel, which highlights
the benefits of using non-relative breakage parameters. It may also be argued, as discussed
by [6], that the evolution of the entropy paths may be dependent on mineralogy, as car-
bonate sands are more prone to breakage than quarzitic ones. This statement, however,
requires further study but has also been preliminary observed by [44]

Coop et al (2004)

Il -l - W Luong & Touati (1983)
Lee & Farhoomand (1967)- R = 1.0
Lee & Farhoomand (1967)- R = 2.0
Lee & Farhoomand (1967)-R=2.8

Crushing
volution

w3 a

e ~ I\ m Fontainebleau sand

(/) ] (Quartz)

g .

St Crushing

q:) evolution

GEJ Crushing

bt evolution

O

c

>

Q.

o1

fast

"E (Crushed)
L Dog's Bay sand Granitic gravel

N (Carbonate)
0 T I |

16 18 20 22 24
Base entropy, S, [-]

Figure 12. Evolution of grading entropy coordinates for crushed granitic gravel, quarzitic, and
carbonate sands [7,30,43].

5. Discussion and Conclusions

This study has analysed the evolution of particle breakage using three breakage indices
proposed by [6,13,17] and compared them to the grading entropy method proposed by [31]
The three indices chosen are the most widely used ones within geotechnical engineering.
The effect of breakage on stress level, stress path and material has been explored (i.e.,
crushed granitic gravel and quarzitic and carbonate sands). The aim of this study was to
demonstrate the advantages of grading entropy coordinates to quantify breakage evolution
over commonly used breakage indices. The main findings are as follows:

e  Conventionally used breakage indices make use of relative measures and are therefore
dependent on assumptions of an initial and/or final PSD. In contrast, non-normalised
grading entropy coordinates are absolute and depend only on the characteristics of
the (current) PSD. Furthermore, entropy coordinates have been seen to be highly
sensitive to the way in which the particles break. This suggests that the coordinates
are advantageous, as they not only relate the breakage directly to the PSD but detail
the way in which different particle sizes (and materials) may break during crushing.

e Grading entropy coordinates are more sensitive to small changes in PSD, particularly
for small amounts of breakage at small stresses/strains. The coordinates are suggested
to be stress level- and also seemingly stress path-dependent in a more distinguishable
manner. The entropy paths during breakage have a definite direction, and this may be
linked to any initial PSD and may possibly enable precise predictions of PSD changes
during crushing.
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e  Since the calculation of entropy coordinates requires direct quantification of the indi-
vidual size/sieve fractions, further insights can be immediately gained. With some
data analysis based on a single data set from [43], it has been demonstrated that not
all the size fractions break in the same amount, nor moment (i.e., stress/strain level),
aligning with the conclusions of [17].

e  The change in entropy coordinates during crushing from a well-defined initial PSD
can be quantified and may be used as a material characteristic. Evidence presented
here shows that the change in entropy coordinates for more breakable materials is
larger than that for more breakage-resistant materials.

It should be noted that this work has used only the non-normalised entropy coordi-
nates. This decision was made to avoid issues regarding the normalisation process, which
may make the PSDs size-dependant and discontinuous. Furthermore, it must be noted that
grading entropy coordinates do not account for particle shape effects and their effect on
soil density explicitly. As a result of these findings it is suggested that the non-normalised
grading entropy coordinates may be used to gain further insight into particle breakage
in soils and other granular materials. It may also be argued that such an approach may
also serve as input to micro-mechanically derived constitutive relationships because the
evolution of particle breakage in individual fractions can be quantified with ease and is
directly linked to parameters such as initial /current density, stress level, stress path, etc.

Future investigations should emphasise an application of the entropy coordinates in
existing constitutive models, to expand grading entropy applications. Moreover, the scope
should be expanded to explore the breakage of a greater number of materials and also
include the effects of particle shape.
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