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Abstract The four grading entropy coordinates can be used for soil classification on the basis of grain size and the 

grading curve shape (similarly e.g., to the diameter values). The grading entropy coordinates give information on 

several basic Physics features of soil like minimum dry density, internal structure and degree of degradation for natural 

soils. Therefore, assumingly, using them, good permeability k regression relations can be elaborated. In this work some 

laboratory tests are made for saturated permeability on fractally distributed sand mixtures (which are mean grading 

curves with predetermined composition). After the first stage of the measurement it is found that, the results indicate 

that the preciseness is better if only the data of non-segregating, internally stable mixtures are used, indicating the 

importance of selecting non-segregating mixtures in laboratory tests. 

 

Keywords: granular matter, saturated water permeability, grading curve, grading entropy, segregation. 

 

INTRODUCTION 
 

The permeability regression with both the well-established (d10, void ratio (e) and Kozeny term e3/(1+ e) [1 

to 3]) and the new (grading entropy type) variables of the grading curves are examined in the research, the 

grading entropy variables are included and combined with the well accepted variables. The entropy 

coordinates give information on minimum dry density, internal stability and degree of degradation for natural 

soils. Using together them with usual grading curve parameters to elaborate permeability regression form is 

physically acceptable since the grading entropy coordinates can be interchanged with mean log diameter, can 

be amended by d10 and relative density information which are missing from the grading entropy coordinates. 

In this part of the work, the results of some laboratory permeability tests are presented, which were made at 

the Laboratory of the Engineering Geology and Geotechnics Department of the Budapest University of 

Technology and Economics. 

callto:978-963-449-203-0
mailto:imre.emoke@kvk.uni-obuda.hu
mailto:zsombor.illes@epito.bme.hu
mailto:D.Barreto@napier.ac.uk
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For the measurement 3 series of - artificial soil mixtures of natural grains with 2 neighbor fractions were 

used. The measured data were analyzed in terms of typical k- d10 relationship. The main result of the study 

was that the k- d10 relationship had different slope for A<2/3 and A>2/3  within each series. It can be noted 

that the natural granular soils has generally A>2/3 since only these have stable internal structure. Connecting 

these data for all series, the result was a nice quasi-linear relationship. Some of the results are presented here. 

 

Grading entropy 
 

The statistical entropy (the entropy of a distribution function) is presented in many textbooks and can be 

formulated as follows in the discrete case. Let us consider M elements in m equal cells, Mi is the number of 

the elements in the i-th cell. The statistical entropy Ss is: 

Ss=Ms                                                                                  (1) 

where s is the specific entropy, or the entropy of an element given by  





m

i

ibis
1

log                                                               (2) 

In equation (2), b is the base of the logarithm, and i is the relative frequency of the i-th cell, given by  

M

M i

i                                                                                       (3) 

 
Figure (1) The grading density curve embedded in the elementary cell grid, assuming uniform distribution within the 

fractions. 

 

For the statistical entropy [4-8] of a finite discrete grain size distribution, a uniform cell system is used. In 

the case of the empirical grading curve, the base of the logarithm is set to 2 in the statistical entropy formula:  





m

i
ii ln

ln
s

12

1
                                                                             (4) 

So, that the maximal value of the specific entropy of a two-cell system could be equal to 1 where the relative 

frequencies of a two cells are equal. 

The empirical grain size distribution curve is considered as a finite discrete distribution. The statistical 

entropy is computed using two statistical cell systems (Figure 1). The so called fractions which are measured 

- are defined by successive multiplication with a factor of 2, starting from an arbitrary d0 as follows (j =1, 2.., 

Table 1). 

0
1-j

0
j 22 ddd                                                                       (5) 

where fractions are numbered by j (serial number). The elementary cells are with d0 width assuming that the 

distribution within a fraction is uniform (Figure 1). The “smallest diameter” do may be practically taken as 

equal to the height of SiO4 tetrahedron (do=2
-26

 m, ~2,68E-8m). 

 
Table (1) Definition and properties of fraction 

j 1  23 24 

Limits in d0 1 to 2  222 to 223  223 to 224  

S0j [-] 1  23 24 

 

The number of the elementary cells Ci in the fraction i is equal to:  
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C                                                                 (6) 

The relative frequency of any elementary cell in fraction i is equal to:  

i

i
i

C

x
                                                                              (7) 

where xi is the relative frequency of fraction i.  

The grading entropy S is derived by using secondary cells and inserting the relative frequency of the 

secondary cell i:  

0,ln
2ln

1

0

 


i

i

i

i

i
i

x

x 
C

x

C

x
C S

i

                                                      (8) 

where Ci is the number of the elementary cells in fraction i, and xi is the relative frequency of fraction i. The 

grading entropy S is split into the base entropy So and t ΔS:  

                                                                     (9) 

The base entropy S0 and the normalized form A: 

ixSxS iii  00                                                              (1)  

minmax

min

oo

oo

S S

S S
A




                                                              (2) 

where S0k is the k-th fraction entropy (Table 1), which is defined as follows (Table 1):  

2ln

ln k
ok

C
S   kSok                                                             (12) 

S0max and S0min are the entropies of largest and smallest fractions, respectively. The entropy increment ΔS and 

the normalized version B: 

.ln
2ln

1

0
ii

x

xx S

i




                                                          (3) 

N

S
B

ln


                                                                        (4) 

where S0i is the grading entropy of the k-th fraction. The grading entropy parameters induces a secondary 

structure on the space of the grading curves. The A = const. condition defines parallel N-2 dimensional 

hyper-plane sections of the N-1 dimensional simplex, the A = const., B=const. condition defines N-3 

dimensional topological circles). 

The relative frequencies of the fractions xi (i = 1, 2, ..N) for each grading curve fulfil: 

.1,0,1
 

1  i




Nxx ii

N
                                                 (5) 

where N is the number of the fractions between the finest and coarsest non-zero fractions: 

1minmax  jjN                                                               (6) 

The relative frequencies xi - and the space of grading curves with N fractions - can be identified with the 

barycentre coordinates in an N-1 dimensional simplex (see Figures 2-3).  

Four maps can be defined between a grading curve space (i.e. N-1 dimensional, open simplex) and the two 

dimensional space of the entropy coordinates: the non-normalized [S0,ΔS]; normalized [A,B]; partly 

normalized [A,ΔS] or  [S0, B]. The map is continuous on the open simplex and can continuously be 

extended to the closed simplex. The diagram is symmetric and compact, having a minimum and a maximum 

boundary line (see Figures 4-7).  

The relative base entropy A indicates the relative distance of the mean diameter from the maximum-

minimum log2 diameter values. If A > 2/3 then enough large grains are present in a mixture to form gradually 

a skeleton and a stable soil matrix. The coarse particles “float” in the matrix of the fines if A < 2/3.  

The internal stability criterion (Figure 8) for elongated grading curves includes a transitional zone, its 

boundary connects the maximum entropy points with fraction numbers less than N. Considering the fractal 

gradings, the soil is stable if n < 2, transitional between n at A=2/3 (n is varying in the function of N). The 

segregation criterion is similarly given in terms of A (Figure 8). 

 

SSS  0
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Figure (2)  Standard simplex image with dimension 2.  Figure (3) The lattice of the continuous sub- simplexes of the 6-

dimensional simplex 

 

 
 

 
 

Figure (4) The maximum lines in the non-normalised 

entropy diagram of a simplex with N=7 
Figure (5) The maximum lines in the normalised 

entropy diagram of a simplex with N=7 

 

 
 

 
Figure (6) The maximum lines in the partly normalized 

diagram, using A, a simplex with N=7. 

Figure (7) The maximum lines in the partly normalized 

diagram, using B, a simplex with N=7. 

 

 

 
(a) (b) 

Figure (8) (a) Internal stability criterion and (b) segregation criterion of Lőrincz [4] 
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Figure (9) The earlier tested 2-fraction, continuous grading curve series 1, 2 and 3. 

 

 

Figure (10) Measured minimum dry density in terms of A (open symbols indicates some repeats in the frame of an 

ongoing research). 

 

According to some earlier test results, the entropy coordinates give information on minimum dry density, 

critical state friction angle, internal stability and degree of degradation for natural soils [4-10]. For example, 

using artificial soil mixtures of natural grains with 2 neighbor fraction grading curves, minimum dry density 

emax or smin test were made. According to Figures 9 to 10, it was found that the maximum was dependent 

on A for each soil series in the same way, encountered at around A = 2/3.  

 

MATERIALS AND METHODS 
 

The 3 series of N=2 neighbor fraction mixtures used to measure the saturated water permeability at 5 

different A parameter values: 0.25, 0.33, 0.5, ,0.67, 0,75. The four fractions (N =1) were: 0.25-0.5 mm, 0.5-1 

mm, 1-2 mm 2-4 mm, (uniform distribution was assumed within the limits). The 2-fraction soil mixtures 

(Table 2) were tested with constant head permeability tests, and smin test.  
 

RESULTS 
 

Results are shown in Figures 11 to 14. According to the results, for the tested gradings, the d10 has a 

monotonic increasing relationship with the relative base entropy A - the normalized mean log diameter, as 

expected. According to Figure 11, the maximum value of smin of optimal series was at around A=2/3, the smin 

for mixtures increased with mean diameter. Similarly, the k has a monotonic increasing relationship with the 

relative base entropy A. However, the d10 – k relationship is not independent of the value of the relative base 

entropy A, which is neglected in the well-known relationships ([1] to [3]). The relationship has different 

slope for A<2/3 and A>2/3 within each series. It can be noted that the natural granular soils has generally 

A>2/3. 

 



ICEEE-2020 
 

272 

Table (2) The soils tested 

Source 

of soil 

No. of k 

Measurements 

No. 

Grading 

Curves 

Range 

d10 

(mm) 

Range 

k20oC 

(cm/s) 

Range  

CU 
Range CC 

N 

fraction 

number 

Kvarc-Ásvány 

Kft. 8256 

Ábrahámhegy-

Kisörs 

15 15 
0.28 to 

1.4 

0.079- 

1.382 
1.6 to 2.2 0.9 to 1.1 2 

 

 
(a) 

 
(b) 

Figure (11) The characteristic d10 (a) and void ratio e (b) in terms of A for tested grading curve series 1, 2 and 3. The 

void ratio e is minimal at A=2/3. 
 

 

Figure (12) The measured permeability k in terms of A for tested grading curve series 1, 2 and 3. 
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Figure (13) The measured permeability k in terms of d10 for tested grading curve series 1, 2 and 3. 
 

 
Figure (14) The measured permeability k in terms of d10. for A>2/3. 

 

DISCUSSION AND CONCLUSIONS  

 

The 3 series of N=2 fraction mixtures used to study the relation of saturated water permeability and the 

grading curves were selected at 5 different A parameter values: 0.25, 0.33, 0.5, 0.67 and 0.75. The result was 

as follows.  

1. The d10 – k relationship follows the expectations with the following comment. It is not 

independent of the value of the relative base entropy A. The permeability k versus d10 relation 

seems to be is different for internally stable soils than for internally unstable soils.  

2. The maximum value of smin of optimal series was at around A=2/3, the smin for mixtures 

increased with mean diameter.  The tendency was not distinct for A<2/3. 

According to the segregation rule (0.4<A<0.8), the first two A values are segregating mixtures. The internal 

stability is not ensured in the first three A (A<2/3) values. It can be assumed that the segregation during 

sample preparation causes the difference, the grading curve of the sample is likely not homogeneous is the 

sample is not internally stable. In other words, this can probably partly be explained by the fact that the 

internally stable soils are less sensitive to segregation during sample preparation. 

The conclusion is as follows. Both the d10 (or A) – k relationship and – smin –  A relationship the 

expectations but is not independent of the value of the relative base entropy A, being different for internally 

stable soils and internally unstable soils. It can be assumed that the segregation during sample preparation 

causes the difference.  
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